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Abstrat
: We present analyti and numerial results for the evolution of urrents on super-
onduting strings in the lassial U(1)×U(1) model. We derive an energy funtional
for the urrents and harges on these strings, establishing rigorously that minima
should exist in this model for loops of nite size (vortons) if both harge and urrent
are present on the worldsheet. We then study the stability of the urrents on these
strings, and we nd an analyti riterion for the onset of instability (in the neutral
limit). This limit speies a lower maximal urrent than previous heuristi estimates.
We onlude with a disussion of the evolution of loops towards their nal vorton
state in the model under onsideration.
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1 Introdution
Topologial defets are a lass of exat solutions in eld theories whose stabil-
ity is enfored by topologial reasons. In partiular, strings, the lass of defets
assoiated with a non-trivial rst homotopy group of the vauum manifold,
have been widely studied, sine they seem to appear in a variety of gener-
alisations of the Standard Model (GUTs, SUSY et.). They are for example
assoiated with the spontaneous symmetry breakdown of a U(1) symmetry,
like the axion or baryon symmetry (global), or eletromagnetism (loal) in
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superondutivity. Strings ould therefore appear during a osmologial phase
transition, and are prime andidates for a number of astrophysial puzzles,
like the dark matter of the universe or the origin of the most energeti osmi
rays (for a review of osmi defets, see ref. [1℄).
In this paper, we shall be interested in a lass of defets where the string's
eld is oupled to another salar eld, whih allows the build up of harge and
urrents on the worldsheet. Beause of the non-dissipative properties of the
urrents on these strings, they are alled superonduting.
The plan of this paper is as follows: in the next setion, we will disuss the
Lagrangian under onsideration, and show how the amount of harge and
urrents is limited; in the following part, we will arry out an analysis of the
energy funtional of the ondensate, to get a very simple analyti expression
for it. We will then use our results to disuss the possibility of forming stable
loops of superonduting strings. Finally, we will study the stability of urrents
on the string's worldsheet and derive an exat analyti result for the onset of
instability, whih we shall illustrate by numerial simulations obtained from
our full 3D eld theory ode.
2 The eld theory model
The model under onsideration here is the original U(1) × U(1) model, rst
proposed by Witten [2℄, and based on the Lagrangian
L= (∂µφ)(∂
µφ)+ + (∂µσ)(∂
µσ)+ −
λφ
4
(|φ|2 − η2φ)
2
−
λσ
4
(|σ|2 − η2σ)
2 − β|φ|2|σ|2 . (1)
where φ and σ are omplex salar elds and λφ, λσ, ηφ, ησ and β are posi-
tive onstants. We an arrange the parameters in this model suh that the
ground state has the φ-symmetry broken (|φ| = ηφ 6= 0), while σ remains
symmetri (|σ| = 0). Under these irumstanes, vortex solutions exist in the
φ-eld. Here, we shall assume we have a vortex-string lying along the z-axis;
in azimuthal oordinates, this solution takes the form,
φ(r, θ, z) = |φ|(r)eiθ , (2)
with |φ|(0) = 0 at the vortex entre and |φ| → ηφ as r →∞.
We wish to onsider the onditions under whih a ondensate in the σ-eld
an emerge in the ore of the string. This ondensate an also arry urrents
2
and harges along the string, so we will represent it by the following ansatz
whih desribes the dependene of these exitations on z and t:
σ = |σ|(r) expi(ωt+kz), (3)
We an see that the presene of harge and urrent auses a hange in the
Lagrangian δL = (ω2− k2)|σ|2, whih alters the mass term [3,4℄, and the va-
uum expetation value of σ; indeed, we an rewrite the Mexian hat potential
for |σ| as:
Vσ =
λσ
4
[
|σ|2 −
(
η2σ +
2
λσ
(ω2 − k2)
)]2
. (4)
From the expression (4), we see that the φ-symmetry will remain broken in
the vauum, with |φ| = ηφ, as long as we satisfy
λφη
4
φ > λσ
(
η2σ +
2(ω2 − k2)
λσ
)2
, (5)
If we want the σ-symmetry to be remain unbroken in the ground state (|σ| =
0), then we need to ensure that the mass term for σ is positive at innity, that
is,
m2σ ≡ βη
2
φ −
1
2
λση
2
σ − ω
2 + k2 > 0 . (6)
Now at the entre of the string we have |φ| = 0, so this mass term an beome
negative and σ an develop a non-vanishing expetation value, provided that
1
2
λση
2
σ + ω
2 − k2 > 0 . (7)
However, the ondition (7) is not suient to obtain a σ-ondensate within the
string, sine we also have to onsider its gradient energy ost. To determine
this we follow the analysis of Haws et al. [5℄ and study the stability of the
trivial solution σ = 0 with perturbations of the form σ = |σ(x, y)|eiνt, with
|σ| << 1. The eld equation, using the modied Mexian Hat potential (4),
then beomes
−∂r∂
rσ −
(
1
2
λσ[η
2
σ +
2(ω2 − k2)
λσ
]− βλφη
4
φr
2
)
σ = ν2σ , (8)
whih is an eigenvalue equation with a harmoni osillator-like potential.
Hene, we know the value of the ground state eigenvalue ν0, and we see that
the trivial solution will be unstable for ν20 < 0 or, equivalently,
k2 − ω2 <
1
2
λση
2
σ −
√
βλφη
2
φ . (9)
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Figure 1. Proles of the vortex and the ondensate elds, with no harge and urrent
(solid lines). The eets of adding a signiant urrent (dashed) or harge density
(dotted) is also illustrated; the (anti-)quenhing eet of urrent (harge) is lear.
If (5), (6), and (9) are satised, σ will form a ondensate of width δσ ≃ m
−1
σ ,
with two onserved quantities, the usual Noether harge Q and a topologial
harge N , where:
Q = ω
∫
dz
∫
dS |σ|2 , N =
∫
dz
k
2pi
, (10)
and a urrent owing along the z diretion:
Jz = k
∫
dz
∫
dS |σ|2 . (11)
The eld onguration for a vortex with a ondensate an be seen in g. 1,
with the inuene of k and ω also shown.
To onlude this setion, we note that in the bare ase (ω = k = 0), (5), (6),
and (9) lead to the following inequalities on the parameters of the theory:
β <
λσ
4
, 2η2σ < η
2
φ . (12)
These equations will prove to be useful in the rest of the paper.
3 The energy funtional
Starting from the Lagrangian (1), we an easily swith to a Hamiltonian for-
malism. In partiular, we will be interested in the following in the energy of
4
the ondensate, whih an be written in the form:
Eσ =
∫
dz
∫
dS
(
|∇rσ|
2 + (k2 + ω2)|σ|2 + (β|φ|2 −
1
2
λση
2
σ)|σ|
2 +
λσ
4
|σ|4
)
.
(13)
This is a rather ompliated expression, so in order to simplify it we onsider
the equation of motion for σ:
−∂r∂
rσ + (k2 − ω2)σ + (β|φ|2 −
1
2
λση
2
σ)σ +
λσ
2
|σ|2σ = 0 . (14)
Multiplying (14) by the omplex onjugate σ+, integrating by parts, and then
inserting the result in (13), we nd:
Eσ = −
λσ
4
∫
d3r |σ|4 + 2
∫
d3r ω2|σ|2 . (15)
(It is easy to generalise this equation to the gauged ase, making the obvious
replaement ω → ω − At.)
Now, if we reall the expression for the onserved harge Q (10), we an rewrite
the energy as:
Eσ = −
λσ
4
∫
d3r|σ|4 +
2Q2∫
d3r |σ|2
. (16)
This equation (16) is interesting beause it expresses the energy in the onden-
sate as a funtion of onserved quantities, and of the two integrated moments
Σ2 and Σ4, where
Σn =
∫
dS |σ|n . (17)
Note that dΣn/dz = 0 with the ansatz (3), and so we an arry out the
z-integration in (16) for a segment of nite length L to obtain
Eσ = −
λσ
4
Σ4L+
2Q2
Σ2L
, (18)
whih is a purely analyti expression.
This is the form of the energy funtional we sought. All that is now required
is to nd an ansatz for the Σn, whih an be done by notiing that:
Σn =
∫
dS |σ|n ≃ σnmax × δ
2
σ ≃
σnmax
m2σ
, (19)
where δσ is the average width of the ondensate, and σmax is its maximum
height in the vortex ore. Now, we have the mass given by
m2σ = βη
2
φ −
1
2
λση
2
σ − ω
2 + k2 ≡ ω2c − ω
2 + k2 , (20)
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Figure 2. Plot of the numerial values for σ2max, as a funtion of ω
2 − n2.
and we an see from g. 2 that, up to a very good approximation, we an take
σ2max ≡ σ0(k
2
c − k
2 + ω2) , (21)
where k2c ≃
1
2
λση
2
σ −
√
βλφη
2
φ is the ritial winding number density at whih
the ondensate must vanish (obtained from (9)). (We note that in the gauged
ase, the piture is qualitatively the same, but that the gauge elds maintain
the ondensate against the quenhing eet of the urrent; the height is then
nearly onstant in a somewhat wider range of ω2 − k2. Ultimately, however,
k2c is the same for both gauged and global ases.) If we further assume that
kc ≃ ωc ≃ mo, we an fatorize it out in (19) to yield:
Σn = Σno
(1 + v)
n
2
1− v
, (22)
with v = (ω2 − k2)/m2o and Σno = Σn(ω
2 − k2 = 0) is the value of Σn in the
so-alled hiral ase (ω = ±k). In partiular, for n = 2 this redues to:
Σ ≡ Σ2 = Σo
m2o + (ω
2 − k2)
m2o − (ω
2 − k2)
. (23)
As an be seen from g. 3, the agreement between the numerial alulation
and our analyti estimate (22) is remarkably good.
4 The behaviour of superonduting loops
Cosmi strings tend to interommute, and therefore we an expet the opi-
ous prodution of loops from a network of strings. Superonduting strings
6
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Figure 3. Plots of the numerial values for Σ2 and Σ4 (plain), and their analyti
estimates (dashed) from (22).
follow the same behaviour [6℄, but this time the harge and urrent due to
the additional struture may prevent the shrinkage of the loop and stabilise
the onguration [4℄. These stable loops or vortons, eetively held up by
their angular momentum, have been the subjet of numerous studies (see, for
example, refs. [7,8,9,10,11℄).
Using the results of the previous setions, we would like to study the behaviour
of these loops, starting from our analyti result for the energy of the ondensate
(18). However, we must also inlude the energy in the vortex, whih we will
model by Eφ = µL, where µ ∼ O(η
2
φ) is the mass per unit length of the string.
We an then write our energy funtional for the loop as
E = µL−
λσ
4
Σ4L+
2Q2
Σ2L
. (24)
We will now disuss the various possible regimes for the harges and urrents
on these loops:
The hiral ase, ω2 = k2:
We will rst onsider this limit, where ω2−k2 = 0 (see refs. [12,13℄ for a study
of hiral loops using the 2D approah of [10℄). In this regime, we always have
Σ = Σo and Σ4 = Σ4o. Sine these values remain xed as the loop shrinks, it
is easy to vary (24) to see that it will have a minimum for
L2 =
2Q2
Σo(µ−
λσ
4
Σ40)
=
2N2Σo
(µ− λσ
4
Σ40)
. (25)
Hene, the loop will ontrat (or expand) until ω2 = k2 = (µ− 1
4
λσΣ4o)/(2Σo).
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For this to be well dened, we should verify that Ek=ω=0 = µ −
λσ
4
Σ4o is
positive. To do so, we note that this is the total energy in the bare superon-
duting string, and that the proles |φ|(r) and |σ|(r) minimise the value of
this funtional. By onsidering φ(λr) and σ(λr), dierentiating the eld en-
ergy funtional (13) with respet to λ and setting this quantity to 0 at λ = 1,
we obtain the result:
Ek=ω=0 =
∫
d3r(|∇φ|2 + |∇σ|2) > 0 . (26)
This ensures that the loop length L2 is indeed well dened and that hiral
loops must have a stable minimum of their energy. (Of ourse, we assume
here that hiral urrents are long-lived and that the nal stable loop size is
signiantly larger than the vortex width.)
The eletri and magneti ases, ω2 − k2 6= 0:
To study these, we have to manipulate the form of the loop energy. Using the
fat that N = kL and Q = ωΣL are onserved during the evolution of the
loop, we an express L in the following terms:
L2 =
N2
ω2 − k2
(
Σ2QN
Σ2
− 1
)
, (27)
where ΣQN = Q/N . (Note that the ratio Q/N is dened at loop reation and
is assumed to be onserved thereafter.) By substituting this bak in (24), we
get an expression for the energy as a funtion of ω2 − k2:
E = N

(µ− λσ4 Σ4)
Σ
√
Σ2QN − Σ
2
ω2 − k2
+ 2Σ2QN
√√√√ ω2 − k2
Σ2QN − Σ
2

 . (28)
Here, note that Σn is learly a funtion of ω
2 − k2, sine it is determined by
the solution of the eld equations, whih only involve ω2 − k2.
It is also important to notie that ΣQN an be expressed as: ΣQN =
ω
k
Σ. So,
using the terminology of Carter and Peter [10℄, in the eletri ase (ω2 > k2),
we have Σo < Σ < ΣQN , while in the magneti ase (k
2 > ω2), we have
ΣQN < Σ < Σo. This implies that for eah loop,Σ an only take a limited range
of values, the bounds of whih are xed, on the one hand, by the parameters
in the Lagrangian determining the bare Σo and, on the other, by the amount
of harge and urrent on the loop xing ΣQN .
A simple analysis of (28) now tells us that, as Σ2 → Σ2QN (whih is ahieved
for a non-vanishing value of ω2 − k2), the energy E goes to +∞, while in the
opposite limit as ω2 − k2 → 0 then E diverges one again, that is, provided
we have µ − λσ
4
Σ4 > 0. Hene, as long as this ondition is satised, then the
8
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Figure 4. This gure shows the energy E as a funtion of ω2 − k2, in the mangeti
regime (ΣQN/Σo = 0.5 on the left), and in the eletri regime (ΣQN/Σo = 2 on the
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loop energy E must have a minimum, an equilibrium state orresponding to
the vorton.
As an be seen from g. 4, the vorton state is usually reahed when Σ ≃ ΣQN ,
whih means that ω/k ≃ 1. This appears to justify the assertion that ω
k
→ 1
is an attrator [4℄, but it does not imply that the hiral state with ω2−k2 = 0
is an attrator. On the ontrary, a typial loop reated with small harges and
urrents (|ω2i −k
2
i |<<m
2
o) will ontrat to a nal vorton state whih is strongly
in the magneti or eletri regimes with |ω2− k2| ≃ O(m2o). Even if the initial
state was ne-tuned very lose to the hiral ase ω2i ≃ k
2
i , then the nal state
always will be less hiral.
The last point is to hek the required ondition that µ2 − λσ
4
Σ4 > 0 when
ω2 − k2 ≃ 0. But in this ase, µ and Σ4 tend to their hiral limits, and we
have already proved in eq. (26) that in this limit, this quantity is positive,
Ek=ω=0 > 0 . So this in turn ensures that the ondition for the existene of a
vorton holds for the whole magneti and eletri regime, exept in the limiting
ases where ΣQN = 0 or ΣQN =∞.
Limiting ases Q = 0 and N = 0:
Let us rst onsider the rst of these ases, the so-alled spring [5,14℄, with no
harge on the loop. It is possible to study analytially the behaviour of these
objets in this model, if one further assumes that there is no bakreation of
the ondensate on the vortex eld. This is a legitimate rst approximation, if
we onsider the proles shown on g. 1. Then, with our ansatze (22), we are
able to dierentiate (28) with respet to k (note that ΣQN = 0), from whih
we obtain a polynomial in v = −k2/k2c :
9
P (v) ≡
(1− v)2
N
dE
dk
=
λσ
4
Σ4ov
3 − (µ+
5λσ
4
Σ4o)v
2
+(µ−
5λσ
4
Σ4o)v − µ+
λσ
4
Σ4o . (29)
No springs will form if P is always negative. Sine we are restrited to the
interval −1 < v < 0 and as both P (0) < 0 and P (−1) < 0, this will be the
ase if the derivative P ′ never vanishes between 0 and −1. Now P ′ is a seond
order polynomial, and some algebra shows that it has a negative minimum for
v > 0. Thus, it is enough to hek that P ′(0) = 2µ − 5λσ
4
Σ4o > 0 (it an be
seen that P ′(−1) > 0 by diret omputation). To prove this, we note that:
λσ
4
Σ4o <
λσ
4
η4σ
m2o
∼< η
2
σ <
η2φ
2
≃
µ
4pi
, (30)
where we have assumed that
λσ
2
η2
σ
m2
o
∼< 2, and that the string energy density
is not too dierent from its ritial oupling value. This indiates that for
reasonable parameters, spring formation is exluded. The behaviour of the
energy funtional is shown in g. 5. Of ourse, for the gauged ase it is possible
that additional terms from magneti pressure ould stabilise the onguration
from ollapse [5℄. However, sine these are logarithmi orretions, suh gauged
springs ould only exist on astrophysial sales.
We have also studied the energeti behaviour of the Q-loop, with N = 0. In
this ase, we an rewrite the energy funtional as:
EQ = (µ−
λσ
4
Σ4)
Q
ωΣ
+ 2ωQ . (31)
The typial behaviour of this funtional as ω varies is shown on g. 5. As
an be seen, there does not appear to be any stable onguration, sine the
minimum of the energy is for ω = ωc, that is for L = 0.
5 The stability of the superonduting urrent
We have seen in the previous setion that the model derived from (1) seems
to lead to stable loop solutions, but the issue of lassial stability has not yet
been addressed in a full analyti treatment (for the quantum stability, refer
to [15℄). This analysis is inspired in part by a heuristi argument in ref. [16℄
suggesting that lassial instabilities ould develop in urrents with suiently
high winding. Beause of the Lorentz invariane of the theory, we have only
3 ases to onsider: pure urrent (ω = 0), pure harge (k = 0), and the hiral
ase ω = k. In this setion, we wish to study the perturbations around the
10
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Figure 5. This gure shows the behaviour of the energy funtional for the spring
(E is plotted as a funtion of k2) and the Q-loop (E is then a funtion of ω2).
It seems that no stable onguration of nite radius an be expeted from these
ongurations.
pure urrent solution. To proeed, we deompose our eld in the following
way: σ = Sk(r)(e
ikz + ν(z)), where Sk is the radial part of the unperturbed
solution and ν is an arbitrary perturbation.
The hange in Eσ is easily omputed:
δ2Eσ =
∫
dz
(
Σ2|∇zν|
2 + γ|ν|2 +
λσ
4
Σ4[e
−ikzν + eikzν+]2
)
, (32)
where
γ =
∫
dS (|∇rSk|
2 +
λσ
2
S4k + (β|φ|
2 −
1
2
λση
2
σ)S
2
k) = Eσ +
λσ
4
Σ4 − k
2Σ . (33)
Now to simplify the expression (33) for γ, we an make use of our analyti
result for Eσ (15) to nd that γ = −k
2Σ. We an now rewrite the eigenvalue
equation (following the method used in [17℄):
−Σ2∇
2
zν + γν +
λσ
2
Σ4[ν + ν
+e2ikz] = λν . (34)
To simplify this equation further, onsider expanding our perturbation ν in the
form ν = eikz[u1+ iu2]. Substitution leads to the system of oupled equations:
−Σ∇2zu1 + 2Σk∇zu2 + (k
2Σ + γ + λσΣ4 − λ)u1 = 0 , (35)
−Σ∇2zu2 − 2Σk∇zu1 + (k
2Σ + γ − λ)u2 = 0 . (36)
To solve this system, we expand in Fourier modes, ui = aie
ipz
, and we use our
11
simple expression for γ to obtain the following set of linear equations:
(Σp2 + λσΣ4 − λp)a1 + 2i(k.p)Σa2 = 0 , (37)
(Σp2 − λp)a2 − 2i(k.p)Σa1 = 0 . (38)
The vanishing of the determinant of this system yields our eigenvalues:
λp = p
2Σ +
λσ
2
Σ4 ±
√√√√(λσ
2
Σ4
)2
+ 4Σ2(k.p)2 . (39)
Instabilities will our when one of the possible λp is negative, whih is equiv-
alent to the ondition
Σ2p4 + 4p2Σ(
λσ
4
Σ4 − k
2Σ) < 0 , (40)
whih leads to:
λσ
4
Σ4 − k
2Σ < 0 (41)
With our ansatz (19) for the moments Σ2, Σ4, we an use this result to de-
termine the ritial value of kinst above whih a urrent beomes unstable:
k2inst =
αk2c
α + k2c
, (42)
where α = λσ
4
Σ4o/Σo and k
2
c is given by (9). Typially, the oeient α is
of order unity, and so we an expet k2inst ≃ k
2
c/2, in good agreement with
numerial estimates. We ontrast this quantitatively with the heuristi result
given in ref. [16℄ whih suggested that the onset of instability was indiated
by the ondition
∂J
∂k
< 0; our numerial estimates indiate that the preise
riterion (42) is signiantly lower.
Note also that through (40), we are able to predit the assoiated wavenumber
p and hene the typial lengthsale of the perturbation for a given unstable
urrent with k > kinst. Again, this is in good agreement with our simulations.
(Stritly speaking, a more aurate analysis should take into aount the ef-
fets of harge onservation; we will disuss this more elaborate alulation
elsewhere [18℄, but we note that it yields the same result (42).)
We point out that this analysis has been arried out by looking only at the
ondensate part of the energy. Therefore, it is valid in a broader lass of models
than the one we are onsidering here, sine the vortex is somehow irrelevant.
In partiular, this instability may appear in any model exhibiting a seond-
order U(1) phase transition, and ould be applied in e.g. superondutivity
studies of resistive transition.
12
t = 0
t = 40
t = 48
t = 54
Figure 6. Modulus (left olumn) and real part (right olumn) of the ondensate along
the string axis at various stages of its evolution, showing the urrent instability. We
learly see that the ondensate looses quanta of winding in this proess
Our three-dimensional eld theory ode allows us to follow the development
and evolution of these perturbations and their onsequenes for the struture
of the superonduting string. From g. 6, we see that the ondensate beomes
pinhed as the instability develops; if the winding number is suiently high,
the instability will fore the ondensate down suh that σ = 0 at a loalised
point along the string. This allows the string to lose quanta of winding and
lowers k in this region. The ondensate then bounes bak and slowly relaxes
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into the stable urrent onguration, radiating the energy dierene between
the initial and the nal onguration. These numerial results are provided by
way of illustration but a more extensive study will be reported shortly with
further details about the simulation ode [18℄.
6 Conlusions and prospets
In this paper we have studied the behaviour and eets of the urrents and
harges on superonduting strings and loops. We have derived exat formulae
for the energy of a loop, whih exhibits a generi divergene at ω2 − k2 = 0,
therefore proving that the hiral ase is not an attrator, but rather a repeller.
Sine for stable ongurations we typially have Σ ≃ ΣQN ≡ Q/N , from
(27) we an expet the nal size of the loop to be very muh smaller than
its original size (for realisti initial onditions). Of ourse, we have not taken
into aount the vortex-antivortex interations on sales small ompared to
the string width, so the inevitability of vorton formation is subjet to this
important aveat. In addition we onlude that springs and Q-loops are not
allowed in this theory.
Studying the stability of the urrent on a straight string, we have also seen
that the superonduting regime is unstable when the winding is too high.
By Lorentz-invariane, it is easy to see that this will be the ase if m2ov =
k2 − ω2 > k2inst, where m
2
o ≃ k
2
c ≃ ω
2
c . (We believe that the gauged ase will
exhibit the same generi features as these global urrents, though with the
small quantitative dierenes already disussed.)
Now, from our analysis of the vorton state, we know that equilibrium typially
will be ahieved when Σ ≃ ΣQN . Using our ansatz (22), this is equivalent to
v ≃
ΣQN − Σo
ΣQN + Σo
. (43)
To ensure stability, we have to impose v > −k2inst/m
2
o whih, with (43) and
some algebra, leads to the ondition
ΣQN >
m2o − k
2
inst
m2o + k
2
inst
Σo . (44)
Loops that do not satisfy (44) will be unstable and lose quanta of winding.
Hene, ΣQN will inrease, and the loop may reah a stable state. This proess
is assoiated with energy radiation, whih would be interesting to quantify to
determine possible observational signatures of this phenomenon.
14
Finally, the perturbative stability analysis arried out for superonduting
urrents in the magneti regime has been extended to the hiral and eletri
ases, and appears to establish their stability. However, this issue is more
subtle, and the analysis will be published separately [18℄.
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